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1 The model
We consider the model governed by the action
S =
∫
M
dDz
√
|g|{R[g]− 2Λ− hαβ g
MN∂Mϕ
α∂Nϕ
β (1)
−
∑
a∈∆
θa
na!
exp[2λa(ϕ)](F
a)2g},
where g = gMNdz
M ⊗ dzN is the metric, ϕ = (ϕα) ∈ IRl is a vector from dilatonic
scalar fields, (hαβ) is a non-degenerate l × l matrix (l ∈ IN), θa = ±1, F a = dAa
is a na-form (na ≥ 1) on a D-dimensional manifold M , Λ is cosmological constant
and λa is a 1-form on IR
l: λa(ϕ) = λaαϕ
α, a ∈ ∆, α = 1, . . . , l. In (1) ∆ is some
finite set. In the models with one time all θa = 1 when the signature of the metric
is (−1,+1, . . . ,+1).
We consider the manifold
M =M0 × . . .×Mn (2)
with the metric
g = e2γ(x)g0 +
n∑
i=1
e2φ
i(x)gi, (3)
where g0 = g0µν(x)dx
µ ⊗ dxν is an arbitrary metric with any signature on the
manifoldM0 and g
i = gimini(yi)dy
mi
i ⊗dy
ni
i is a metric onMi satisfying the equation
Rmini [g
i] = ξig
i
mini , (4)
mi, ni = 1, . . . , di; ξi = const, (thus, (Mi, g
i) is Einstein space) i = 1, . . . , n. The
functions γ, φi : M0 → IR are smooth.
Each manifold Mi is assumed to be oriented and connected, i = 1, . . . , n. Then
the volume di-form τi =
√
|gi(yi)| dy1i ∧ . . . ∧ dy
di
i and the signature parameter
ε(i) = signdet(gimini) = ±1 are correctly defined for all i = 1, . . . , n.
Let Ω0 be a set of all subsets of I0 ≡ {1, . . . , n}. For any I = {i1, . . . , ik} ∈ Ω0,
i1 < . . . < ik, we define a form
τ(I) ≡ τi1 ∧ . . . ∧ τik , (5)
1
of rank d(I) = di1 + . . . + dik , and a corresponding p-brane submanifold MI ≡
Mi1 × . . .×Mik , where p = d(I)− 1. We also define ε-symbol ε(I) ≡ ε(i1) . . . ε(ik).
For I = ∅ we put τ(∅) = ε(∅) = 1, d(∅) = 0.
For fields of forms we adopt the following ”composite electro-magnetic” ansatz
F a =
∑
I∈Ωa,e
F (a,e,I) +
∑
J∈Ωa,m
F (a,m,J), (6)
where
F (a,e,I) = dΦ(a,e,I) ∧ τ(I), (7)
F (a,m,J) = e−2λa(ϕ) ∗
(
dΦ(a,m,J) ∧ τ(J)
)
, (8)
a ∈ ∆, I ∈ Ωa,e, J ∈ Ωa,m and Ωa,e,Ωa,m ⊂ Ω0. In (8) ∗ = ∗[g] is the Hodge
operator on (M, g).
For the potentials in (7), (8) we put
Φs = Φs(x), (9)
s ∈ S, where
S = Se ⊔ Sm, Sv ≡
∐
a∈∆
{a} × {v} × Ωa,v, (10)
v = e,m.
For dilatonic scalar fields we put
ϕα = ϕα(x), (11)
α = 1, . . . , l.
¿From (7) and (8) we obtain the relations between dimensions of p-brane world-
sheets and ranks of forms: d(I) = na−1, I ∈ Ωa,e; d(J) = D−na−1, J ∈ Ωa,m,
in electric and magnetic cases respectively.
2 Sigma model representation
We consider the case d0 = dimM0 6= 2 and use generalized harmonic gauge
γ = γ0(φ) =
1
2− d0
n∑
i=1
diφ
i (1)
(di = dimMi). For the model under consideration the equations of motion and
Bianchi identities dF s = 0, s ∈ S, are equivalent to the equations of motion for the
σ-model with certain constraints imposed 3.
The σ-model action reads 3
Sσ =
∫
M0
dd0x
√
|g0|
{
R[g0]−Gijg
0 µν∂µφ
i∂νφ
j − 2V (φ) − L
}
, (2)
2
where
Gij = diδij +
didj
d0 − 2
(3)
are the components of the (”purely gravitational”) midisuperspace metric on IRn 1,
i, j = 1, . . . , n, and
V = V (φ) = Λe2γ0(φ) −
1
2
n∑
i=1
ξidie
−2φi+2γ0(φ) (4)
is the potential and
L = hαβg
0 µν∂µϕ
α∂νϕ
β +
∑
a∈∆
∑
s∈S
εs exp(−2U
s)g0 µν∂µΦ
s∂νΦ
s. (5)
Here
Us = Us(φ, ϕ) = −χsλas(ϕ) +
∑
i∈Is
diφ
i, (6)
εs = (−ε[g])
(1−χs)/2ε(Is)θas (7)
for s = (as, vs, Is) ∈ S, ε[g] = signdet(gMN ), and χs = +1, for vs = e, and χs = −1,
for vs = m.
3 Exact solutions
In 3,4 the Majumdar-Papapetrou type solutions were obtained in orthogonal case
(Us, Us
′
) = 0, s 6= s′. (For non-composite case see 1,2). These solutions correspond
to Ricci-flat (Mi, g
i), i = 0, . . . , n, and were generalized also to the case of Einstein
internal spaces 3. In 5 the Toda-lattice generalization of the ”orthogonal” intersec-
tion rules was obtained and cosmological and spherically symmetric (classical and
quntum) solutions were considered.
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